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ZERO DISTRIBUTION FOR PAIRS OF
HOLOMORPHIC FUNCTIONS WITH APPLICATIONS TO
EIGENVALUE DISTRIBUTION
BY
A. A. SHKALIKOV

ABSTRACT. Let f and g be holomorphic in an angle A. Theorem | shows that the
zero-distributions of f and g are comparable if, near dA, f and g grow similarly. This
result is applied to analyse the asymptotic behavior of eigenvalues of certain
perturbed normal operators.

1. Introduction. For § < a < o let
(1.1) A=A, = {z;|argz| <7/2a},

and let f and g be holomorphic in (the closure of) A ,. If A were bounded, Roché’s
theorem would guarantee that f and g have the same number of zeros in A if, say,
|f(z) — g(z)|< g(z) for z € 0A. Our main result provides a way of obtaining
similar conclusions for A as defined in (1.1); the method is to compare the behavior
of fand g near dA to that of an appropriate regularly varying auxiliary function.

The auxiliary functions considered will be nonnegative, nondecreasing functions
defined for ¢ >0, with their behavior limited as ¢ — co. If ¢(¢) and Y(z) are
nonnegative and nondecreasing for ¢ > 0, we say

(1.2) PRy
if |y(1)/6(2)|"' = O(1) (t » ), and
(1.3) o~y

if (1) = {1 + o(DH}Y(1) (1 = o0).
For a fixed p > 0, the class A( p) consists of nonnegative, nondecreasing functions
¢(2) (¢ > 0) such that there exists a > 1 such that

(1.4) o(ar) <a’p(r)  (1>14(a)),
and we set
(1.5) 4= UA(p) (p>0);

in (1.4) and below, the qualification ¢ > fy(a, B,...) means: when ¢ is sufficiently
large; this bound may depend on the parameters a, 8,..., and the choice of ¢ is not
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50 A. A. SHKALIKOV

necessarily the same at each occurence. Condition (1.4) implies that ¢ has no
Polya-peaks of order > p [7,p. 101] and an immediate consequence of (1.4) is that
(1.6) ¢(y) <Cy/1)"¢(1)  (ty<t<y,C=C(a)).

The class B consists of functions ¢(7) (¢ > 0) which are nonnegative, nondecreas-
ing, such that for some a > 1,

(1.7) o(ar) =2¢(t)  (t>14(a)).
Finally, if given ¢ > 0 we can find § > 0 such that
(1.8) (1 +8)) <(1+e)o(r)  (1>1),

then we say ¢ € C. Clearly, C C 4.
In order to state our main result, we first recall that if f is analytic in the sector
A=A of (1.1), and if M(r, f, A) = max|f(z)|(z|= r, z € A), then the order p of

fis
loglog M(r, f, A)
log r '

(1.9) p = limsup

r—oo

The zeros of f are counted by the usual functionals

n(r)y= 3 1. zwn:LWMNm,
feal <
::EX

where the z, are the roots of f in the interior of A. We assume throughout that n(r)
and n(r) are zero for 0 < r < h for some fixed & > 0.

THEOREM 1. Let f and g be holomorphic of order < a in the sector A ,, such that all
their zeros are contained in A . for some T > 0. Suppose the zeros of g are regularly
distributed in the sense that n(r) € B N\ A(p) (cf. (1.3), (1.4)) for some p < a, and
that

(1.10) [inlf(2)/g(2)I| = o(n,(r))
uniformly as z - oo in A, — A .. Then, using the notation (1.2),
(1.11) N(r)xN,(r),  n(r)xn.(r).

Note 1. In Theorem 2, in §4, we shall modify Theorem 1 to obtain conditions
needed to deduce that N, ~ N,and n, ~ n,.

Note 2. In general, equivalence of N, and N, is not equivalent to that of n,and n;
this is where the assumption n, € B N A( p) is needed. We remark that if n(¢) € B,
then

(1.12) mosgum4m<aux

and if n(¢z) € A then
(1.13) n(r) < CN(r).
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We sketch the proofs. If n € B, take a > 1 so that (1.7) holds. For r > t,,, choose j
with a’/t, < r < a’*'t,; then

J
Iy -1 at 1
N(r)< | n(t)t dr + n(t)t " dr
()= [*n(0) zfm (1)

= 0(1) + O(log a)n(a’*'t,) < Cn(r).
The proof of (1.3) is easier, using (1.6):

N(r) = f;zn(z)r'dr > cn(g)[;(;)”r'dz > Cn(r).

r

2. Preliminary remarks and lemmas. By replacing z by z22**™”' we may assume

a=1-—38, with § =7Q2a+ 7)"', and that (1.10) holds in A,_; — A,,;. The
hypothesis of Theorem 1 now is that n(r) € B N A(p’), where p’ = 2p(2a + T)!
< 1 and that both f and g have order <1 — § in A, _;. This normalization will be in
effect through §4.

LEMMA 1. Let 8 > 0 be as just described. Then, given € > 0, we have
(2.1) nf(r)-*-ng(r)<r'_‘S+E (r>r,).

ProOF. The function f,(z) = f(z'/"'~?) is holomorphic in A, with zeros in A, 5.
(where 8’ = 28(1 — 8)™') and f, has order < 1. Since order ( f,) < 1, we obtain from
[9, Theorem 4, Chapter 4] that v,(r) < r'**/? (r > r;), where v,(r) is the number of
zeros of f, in {|z — r/2|<r/2}. But all zeros of f, are in A4, so ng(r)< Cy(r)
<r'** (r>r,)., and since n(r)< (nf‘(r))"“”, we have estimate (2.1) for n(r).
Similarly, n (r) = O(r' "***) (r - o0), and (2.1) follows.

COROLLARY. Let z; be the zeros of f. Then the Blaschke product with zero set z,
converges in the plane

(2.2) B(z) = B(z) = [ (2 = 2)/ (2 + 2).
The Blaschke product made from the zeros of g, B,(z), also converges. Both products

represent bounded analytic functions in A, and meromorphic functions in the plane.

PrROOF. Lemma 1 implies that the Blaschke condition Z(Rez,)/(1 + |z, ) < oo
holds.

We can estimate the Nevanlinna characteristic [7] of B,; only later, in Lemma 9,
we can obtain an equivalent estimate for B,.

LEMMA 2. The meromorphic function B, satsifies
(2.3) T(r, B,) < Cn(r) = O(r'7%%¢),

PROOF. Let z, be the zeros of gin A, 5 and

P|(2)=H(1“Z/Zk), Pz(z):H(l-Fz/zk);

Lemma 1 implies that both products converge to a function of order < 1. We can
say a little more: since n(r, P) =n £r) €4, (i =1,2), the usual estimate for a
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canonical product [7, p. 27, formula (1.21) with ¢ = 1] and (1.6) show

rn (1t n_(t
1n|p,.(z)|</0#d,+r/°° gt(z)dz

< N(r) + Cr'_"ng(r)j;oot”_z dr < Cn (r).

Since B, = P, P;', Nevanlinna’s first fundamental theorem implies that
T(r, B,) < T(r, P,) + T(r, P,) + O(1) < Cn(r),
which, with Lemma 1, is (2.3).
COROLLARY. The characteristic of the Blaschke product B, satisfies
(2.4) T(r.B)) = O(r'°*").

REMARK. Theorem 1 implies the more refined result that (2.3) holds with B, in
place of B,.

PrOOF. Define P, and P, as in the proof of Lemma 2, now with z, the zeros of f.
Estimate (2.1) on n,(7) may be used to estimate 7(r, P,) and 7(r, P,) as was done
above. We thus obtain T(r, B;) < T(r, P)) + T(r, P,) + O(1) = O(r'~°*¢), which
is (2.4).

LEMMA 3. Let F(z) be holomorphic in A, with all zeros in A, s for some § > 0.
Then

%= 52 () =
i)+ ot) | 4

[ [T | F(re)|do dy db,
7/2(1+8)-m/2 ¥

2(1 + 8)
- 7382
where

Je(o,t) = ](;rln|F(se‘¢)|s"ds.

ProoF. This follows from the generalized Jensen formula as presented in [9, p.
143]. Let n (¢, ¢, 8) be the number of zeros of Finside S(z,y, 0) = {y < argz <6}
N {|z|<t},and Np(r, ¥, 0) = [Jng(t, ¢, 0) " dr.

If F # 0 on 3S(¢, ¥, 8), then the generalized Jensen formula implies that

(2.5) No(r,y,8) = %[d%fo'w, t)t"dt]

=6
__1- _i. i -1 L 6 i®
27[d¢j(;JF(¢,t)t dt]¢:¢+ 2',rf¢ln|F(’e )|do.

Lemma 3 follows from (2.5) on integrating with respect to ¢ and 6, and recalling
that all zeros of Farein A, ;.
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We may use Lemma 3 to give a representation for N,(r) — N(r). Let B;and B, be
the Blaschke products made from the zeros of f and g, and

(2.6) B*(z) = B;(z)/B,(z),

so that B* is meromorphic (Corollary to Lemma 1). Since | B*(iy)|= 1, we obtain
from Lemma 3:

LEMMA 4. The counting functions of f and g are related by

R T R |

201 + 8) fnn2 -m/201+8) (8 :
+ In|B*(re'®)|d¢ dy di,
7°8° '/7.'/2(1*'8)'/:7!/2 /4, | ( )l o dy

where
I(¢,1) = ‘/"ln|B*(se"“’)|s'I ds.
0

The proof of Theorem 1 will follow on estimating the terms on the right side of
(2.7). This will be done in §3. Our final results here seem to be new, although
Lemma 6 has also been obtained by G. V. Radzievskii (unpublished).

LEMMA 5. Let F be holomorphic in A ,, of order < a, and suppose

(2.8) In|F(z)| < ¢(r) (z€odA)
where ¢ € A(p) for some p < a (cf. (1.4)). Then
(2.9) In|F(z)] < Co(lz])  (z € A,)

for some constant C.

ProoF. This lemma is similar to a result of Beurling [3,p. 34]. However, we
assume that ¢ has order strictly less than a, and satisfies (1.4), but in turn deduce the
global conclusion (2.9).

Consider ®(z) = F(z)e "% in A, where we take x? >0 if x > 0. The con-

stants b and e are determined as follows. Let ¢, be associated to f by (1.4), let r > ¢;
we take b = f(r) and € = a?f(r)r Pcos”'(mp/(2a)). It is routine to see that

(2.10) f(t) — etPcos(mp/2a) — b <0.

This is clear when ¢ <r, for f is nondecreasing. If ¢t >r, say a/r<t<a’/*'r
(j = 1,2,...) then (1.4) gives

f(t) <aV"02f(r) < a?(1/r)"f(r) = er? cos(mp/ (2a)),
and (2.10) holds. Now (2.10) implies
In|®(te =) < f(r) — et” cos(mp/2a) — b <0,

and the Phragmén-Lindelof principle shows that In|®(z)|< 0 (z € A,). This gives
(2.9) with C = a”cos™(mp/2a) + 1.
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COROLLARY. Let F be holomorphic in A ,, of order < a, and suppose
ln|F(re:i"/2“)| =o(¢(r)) (r - )
where ¢ € A( p) for some p < a. Then
n|F(z)] = o(¢(|z])) (z- 0,z€A,).

LEMMA 6. Let F(z) be holomorphic, of order < p in A ,, and have no zeros in A .
Then for any € > 0, the function F~'(z) has order < p* = max(p, a) in A ,.

PROOF. Let f(A) be a holomorphic nonzero in A, and |f(A)|< M. Consider the
function g(A) =InM — Inf(A). Since Re g(A) >0 as A € A|, we may apply
Carathéodory’s inequality (see [9, Chapter 1, §7])

g(A) <5|g(1)|r/sind, A =re |A|>1.
This implies
In|Mf ' (N)] <|-In Mf~'(X)| =|In Mf~(X)| < Cr/sin6
and hence
(2.11) In|f'"(A)|<Cr, Xe€A ., e>0.

Suppose a = p. Take any € > 0 and consider the function G(z) = F(z)exp(-z***),
which is bounded in A, ,,. Then the function f(A) = G(N'/(**29)) satisfies (2.11)
and we have

a+2e

(2.12) In|F'(z)|<Clz| 7, z€A ;.
Now let a < p. We have from (2.12),

+e
(2.13) mF'(z)| <l zea,,.

But we may obtain (2.13) in any sector A%, = {A: |¢ —arg A|< 7/2(p + ¢)} if

pte
A%, C A, hence estimate (2.13) is valid, as z € A, . This proves Lemma 2

with (2.12).

3. Estimates for Theorem 1.
LEMMA 7. The quotient B*(z) satisfies
(3.1 IIn|B*(z2)|| = o(ng(r))
as|z|- o0 in Ay — A ;.
PROOF. Let
xi(2) = f(2)B ()", xa(z) = 8(2)By(2) ", A(2) = xi(2)xal2) ™

We claim that if p* is the order of A in A, then
(3.2) p* < 1.
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Once (3.2) is established, it is clear how to get (3.1). For since | B,(iy)|=| B,(iy)|= 1
(—o0 <y < 0), we see from (1.10) that

fliy)
2(iy)

50 (3.2) allows us to use the corollary to Lemma 5 with @ = 1, and deduce that

|InjA(z)|| = o(ng(r))

as|z|=r — oo in A,. But now this and (1.10) give the lemma since

*In|B*(z)| = #|A(z)| = In|f(z)/8(2)|.

We now prove (3.2). The functions x; are holomorphic and nonzero in A,_;. We
claim that the order p;, of x; is <1 — 8 in A,_;; once this is known, (3.2) is a
consequence of Lemma 6 with p =1 — 6 and a =1 — § (so that ¢ = §). Let us
consider x, in the region D(R) = A,_; N {|z|< R} for certain large R. On arg z =
*=7/2(1 — &), we recall that f has order 1 — § and | B;|> 1, and hence

(3.3) Ix,(z)exp(-22072+9)| = O(1),

for any fixed ¢ > 0. We next obtain a similar estimate on A, ;s N {|z|= R} for an
unbounded set of R. Since T(r, B;) = O(r'73%%) (see (2.4)) we have from the
cos mp-theorem [10, p. 275] that

[In]A(iy)||=|In

‘ o(n(3)  (co0<y< oo,

|1Inf In|B,(z)| = -R' 7%,
for a sequence R = R, — o0. Also, f has order <1 — § in A, _;, so (3.3) holds on
A, _sN{|z|= R} for these R. The maximum principle now gives (3.3) in all of
A, _s,50x, hasorder <1 —48in A, _;.
The same holds for x,, and according to Lemma 6, x5' has order less than 1 — §
in A, _;. This establishes (3.2) and completes the proof of Lemma 7.
We now can make a major step toward Theorem 1.

LEMMA 8. We have N (r) < CN,(r), n;(r) < Cn,(r).

PROOF. Recall the definition of I(¢, t) from this statement of Lemma 4. Then
Lemmas 6 and 7 give

(3.4) forl(iﬁi—a)’t)t_ldt:o(ng(r))'

We next must estimate f¢ In|B*(re'?)|d¢ from above. Since [B/l<1in A, it
suffices to obtain upper bounds for j\b In|B, (re'*)| d¢; this is fortunate since
Lemma 2 gives good information on 7(r, B,). A useful lemma of Edrei and Fuchs
[5, p- 322], (2.3) and (1.6) yield that if I is a 0-interval of length | 1|, then

(3.5) f|ln|B(re“")| |dg < -—ggR—T(R B)|I|{ +log* I}I}

< Cn (M1 +log" 1"} < Cn,(r)
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if R = 2r > r,. Estimates (3.4) and (3.5) may be inserted to (2.7), leading to
N(r) < N(r)+ o(ng(r)) + Cn(r)

and an appeal to (1.12) and (1.13) gives

(3.6) N (r)<CN/r), n/(r)<Cn,r).

It remains to reverse the inequalities of (3.6). We first improve the estimate of
I(r, B;) from (2.4).

LEMMA 9. The characteristic of B, satisfies

(3.7) T(r, B;) = 0(n,(r)).
Further if ry <r < R/2, we have
(3.8) T(r, B;) < CN,(R) + C(r/R)' ""N,(r),

where p <1 is the class of A(p) to which n (r) belongs.

Proor. Write B, = P\(f)Py( f )~' as in the proof of Lemma 2, where now the z,
are the zeros of f. The information in (3.6) allows the estimates made for T(r, P;)
(i=1,2) in Lemma 2 to be transferred to T(r, P/(z)) and T(r, Py(z)). Thus
I(r, P(z)) = O(ny(r)), and (3.7) follows.

An approximation lemma of Edrei and Fuchs [4, p. 296, with ¢ = 0] shows that

(39)  InlP(z) =log I

lzd=<R

1 - zi’+S(z,R) (2| = r < iR)
k

where the remainder S satisfies
(3.10) |S(z, R)| < 14(r/R)T(2R, P,).

Let us once more compute

T(r, P)) = %£2ﬂ1n+|P,(re’0)|d0.

Once again, as in [7, p. 27] (cf. our proof of Lemma 2) we have

foz" > In*|1 - z;'re"|dd = O(N,(R)),

lZd<R
and since (3.7) implies that T(r, P,) = O(N,(r)), (1.6) and (3.10) show that
IS(z, R)| < C(r/R) "’N(r) ifR>2r.
This proves (3.8).
LEMMA 10. We have N(r) < CN(r).
PROOF. Since In|B,(z)|< 0 for z € A, (3.4) and (2.7) show

(3.11)  N(r) < N/(r) +en,(r)+ C_,,/zéﬂi’égﬂ/z[ [Pln|B/(fe )|de|.
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According to the Edrei-Fuchs lemma [3, p. 322] which was already used in (3.5), and
our refined estimate (3.8) of T(r, B,), we see that

fwolln|B/(re"¢)| |dg < C% [Nf(R’) + (%)IupNg(R)}

uniformly in —7/2 < ¢ <@ < 7/2, where r < R/2 < R’ /4. Given ¢ > 0, take R =
2r, and R’ = cr so large that (uniformly in ¢ and )

f:‘lnle(re%)l ]dq) < CN,(R) + 8Ng(r);

this is possible since p < 1, N(r) satisfies (1.6) and we know (3.7). Now (3.11) gives
(1 — e)N(r) < CN,(R’). But Ny(R") = Nj(cr) < CNy(r), hence N(R’)< CN(R')
and Lemma 10 follows.

A combination of Lemmas 8, 10 and Note 2 gives N,(r) X Ny(r) X n,(r). This
implies that N,(r) € A N B, hence n (r)X Ni(r) and n;(r) X ny(r). Theorem 1 is
proved.

4. Theorem on ~ equivalence. The assumption of Theorem 1 does not allow us to
deduce N, ~ N, or n,~ n,. As an example we consider the functions f(z) = sin z +
e*, g(z) =sinz. We have n(r)€BN A, p=1, and condition (1.10) holds
uniformly, as z > o0 in A} — A, 1 <y <(m/2arctge, but n,(r)=r/7 + O(1),
n(ry=y1l+ e*r/m + O(1). The example of these functions shows that we can
expect n, ~ n, when the zeros of f and g asymptotically are contained in an arbitrary
small sector and condition (1.10) holds outside of that sector.

THEOREM 2. Let f and g be holomorphic of finite order < B in the sector A,,, and for
any o > a all their zeros with the exception of a finite number are contained in A .
Suppose that

(4.1) Inlf(z2)/8(2)|| = O(n,(r))
uniformly as z - oo in A, — A,

Then N(r) ~ N(r), ifng(r) € AN B, and ny(r)~ng(r) ifng(r) € CNB.

PROOF. Since n(r) € A we can find p such that n (r) € 4,. If y = max(a,, Bp)
and a > v, then (4.1) holds in A, — A, and according to Theorem 1 we have

(4.2) n,(r)xny(r).
We may assume y < 1, otherwise we ought to replace z by z¥*""' 7 > 0.
As in Theorem 1 we have to estimate the terms in (2.7). According to (4.1) the first

term on the right side of (2.7) has the estimate o(N,(r)). Using (3.5), (4.1) and (4.2),
we see also that

[nl (e do = ( [+ [+ f ‘E)1n|B*(re"“’)|d¢

< Cs(l + log*%)Ng(r) + (‘/:P + L_e)lnlB*(re‘¢)|d¢ = o(Ng(r)).
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Consequently, the second term on the right side of (2.7) has the estimate O(N,(r)),
and according to definition (1.3) we have

(4.3) Ny(r) ~ N(r).

Now we deduce from (4.3) that n,~n_ if n (r) € BN C.
Given ¢ > 0 take § > 0 such that

(4.4) n((1+8)r)<(1+e)n,r).
We have

rh ) —n (¢
(1+8) f()t g( )dt

(4.5)  [n,(r) = ng((1 +8)r)]in(1 + 8) < f

r

=N((1+8)r) = N((1+8)r) + N(r) = N(r)
= o(N,((1 +8)r)) = o(n,(r)).
Hence, from (4.4) we obtain
(4.6) n/(r)Sng((l+8)r)[l +o()] < (1 +e)n,r).
As in (4.5) we have

avsyeny(t) = n(t)

p dt = o(n (1)),

[n(r) = n, (r(1 +8))]in(1 +5) s/

Consequently,
(4.7) n(r(1+8))=(1 —e)n(r(l +8)).
The combination of (4.6) and (4.7) gives Theorem 2.

5. Asymptotic behaviour of eigenvalues of certain perturbed normal operators. The
first general result on the distribution of eigenvalues of an operator ¢ H(I + §).
where H, S are compact operators and H > (), was established by M. V. Keldysh [8]
(see also [6, Chapter V, §11]). He proved

E l:”II(’)N”(;(’): E 1,

A =r beg'l=r

where A, p, are the eigenvalues of operators f{ and G, respectively, provided that
the function n,(r) satisfies some tauberian conditions.

This result has been generalized by many authors. The references can be found in
[2] (see also [1]). As an application of Theorem 2 we will prove a result concerning
this problem, which covers those of many authors.'

In this section we denote by o, the collection of all compact operators and by R
the collection of all bounded operators acting in Hilbert space §. Also by A,(4) we

'After submitting this paper for publication the author discovered a more complete and general result
announced by A. S. Markus and V. I. Macaev in Functional Anal. Appl. (13 (1979), pp. 93-94
(Russian)). Using another method G. V. Radzievskii also obtained a result similar to Theorem 3 (Mat.
Sb. 112 (1980), pp. 396-420 (Russian)).
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denote the eigenvalues of an operator 4 and by s,(A4) the s-numbers of this operator,
i.e. the eigenvalues of (44*)'/2. If £5,(A) < oo (A € 0,), the characteristic determi-
nant of the operator A (see [6, Chapter 4, §1]),

D) = det(1 — pa) = I (1 = pAy(4)),
k=1

converges. If A(p) is a holomorphic operator-valued function in the domain A € C
with values in o,, then the function

det(1 - A(w) = I (1 = A(A(n))
k=1

is holomorphic in the same domain [6, Chapter 1V, §1]. Furthermore, if (1 — A(p,))™’'
for at least one point p, € A, then from the results of [3, Chapter 1, §5] we conclude
that (1 — A(p))™' € R for all p € A with the possible exception of certain isolated
points {p,}, and dim £, = m, < co, where £, is the subspace consisting of eigen
and associated vectors corresponding to the eigenvalue p, . These points are m,-mul-
tiple zeros of the function det(/ — A(p)).

Now let H be a normal compact operator in . Suppose that in a certain sector A
in the complex plane the characteristic numbers of operator H, p,(H) = \}'(H), are
concentrated asymptotically along a ray y € A. We assume that y is the positive
semiaxis; then our hypothesis means that not more than a finite number of {u, (H)}
are contained in the domain A, \ A, for some &, and any a > a,,.

With operator H we connect the operator-valued function

(5.1) L(p)=1—-T— A(p) — pH,

where I is the identity operator, T € o,, A(p) is a holomorphic operator-valued
function in the sector A, with values in R and [|[A(p)| -0 as p—> o0 in A,
Suppose also (I — T)! € R.

Take any a > a;, and consider the functions

(5.2) ny(a,r) = > o1 n(a,r)= > 1.
we(H)<r (D)<
w(H)EA, p(LYEA,

We suppose that a number u,(H) or p,(L) is repeated in (5.2) s times, if it is an
s-multiple eigenvalue of H or L, respectively.

THEOREM 3. Let H be a compact normal operator and ny(e, r) — ny(a, r) < C(a)
for some ay and any a > ay. If L(p) is defined by (5.1) and ny(ay, r) € C N B, then
ny(a,r) ~n;(a,r), a>a.
PROOF. Let = ©, © §, where ©, is the subspace consisting of all eigenvalues of

the operator H corresponding to {p,(H)} € A, . Define by P the projector P$ = 9,
and Q = I — P. Since H is a normal operator, we have PQ = QP = 0.
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Now we represent the operator-valued function L(u) in the form
L(p)=1-T—A(p) —p(P+ Q)H
=[1 = T(Q + P)(1 ~ pQH)" ~ A(w)(I — wQH)"
~pPH(1 - pQH)"'|(1 — pOH)
=[1- TP~ TQ(1— pQH)" — A(p)(I — pQH)" — pPH|(I — pQH).

Since (I — T)™' € R, we have (I — TP)™' € R. The operator QH is a normal
operator and {p,(QH)} € A, , hence (see [6, Chapter 5, §7])

(5.3) (7 = poH) | < sin™ 5(1/ag — 1/@),
ifpEA,a>a,

Let T € o_; then
(5.4) |To(1 — poH)| -0

uniformly as p — oo in A,. This assertion is proved in [6, Chapter 5,§7], if Q = I
and H > 0. But absolutely the same method allows us to obtain (4.4). Using (4.3)
and (4.4) we represent L(u) in the form

(55) L(p)=(I =T, = 4(w)" (1 = p(I = T, = A4,(w))PH)(I = wQH)
where
I-T —A(p) = (1_ TP — Az(ﬂ))—]’
Ay(p) = TQ(I — pQH) ™ — A(p)(I — pQH)™,

T, €0, and||4,(p)| = 0,i=1,2,asp > 0 in A,
Define H, = PH and
(5.6) Li(p)=1—p(I—T, — A(p))H,.
First we consider the case ny(ay, r) = ny(r) € A,, p <1. In this case H, € o,

and the functions det(/ — pH,) and det L (p) are well defined and holomorphic in
A . If A, B € g, then (see [6, Chapter 4, §3])

det(I — A)(I — B)™' = det(I — A)/det(I — B).
Using this formula and (5.6) we obtain
(5.7) det L,(p)/det(] — pH,) = det( — pK(p)),
(58)  det( — pH,)/det Ly(p) = det(] — pK(p))™
= det( + pK(u)(I — pK(n))™)

where
(5.9) K(p) = (Tl +A|(#))(1_HH1)_]H1-

Now we recall some properties of s-numbers of compact operators (see [6, Chapter
2,82.3)).

We have

(5.10) s;(B4) <||Blls;(4),  s5,(4B) <|B|s,(4),
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if A € o, and B € R,
(5.11)

ifAE€o0,,BEo, andj=> +1.
For A € o, we also have

(BA) < s.41(B)s;(4),

j+x

[e e}

I (1 + sj(A))'

Jj=1

(5.12)

(1+>\ (4))| <

Since H| is a normal operator and for any B < co the set {p,(H,)} € Ay with the
exception of a finite number of u,( H,), we obtain

(5.13) (- yHl)"” <sin™' %(% - —1—) < sin"la

if|p|>ryand B/2 > a > a,.

Given ¢ > 0, take integer k such that s, (7)) < esin7/4a. Then, using (5.10),
(5.11) and recalling that ||4,(p)|| = 0 as p — oo in A, , we obtain from (5.9):
(5~]4) sj+x(K(p'))<2€sj(Hl)’ |p|> rO’“EAaO—AB'

Now (5.12) implies

oC

(5.15) |det(7 = uK(p)| < Clur IT (1 + 2¢|n]s,(H))).
We claim |
(5.16) |(7 = pk(w) | <c

asp € A, — Ay, B> a>agand |p|> r,. Once this is known, we obtain from (5.9)
and (5.14):

(5.17) |det(1 — pK(p))"'| < Clul" ﬁ. (1+elpls;(H,)).

Once again as in Lemma 9 (see (3.9) and (3.10)), we have, using our hypothesis
n,,l(r) €4, p< 1, that

Zln( (Hl)))<

Then (5.15) and (5.17) give
(5.18) = In|det L,(p)/det(] — pH,)| = =In|det(] — pK(p))|

Ms

In

1+ |LI) = O(nﬂl(r)).

j=1 |I‘j(H|)|

[o 0]
<C+r+ Imn(1+ ersj(Hl))
j=1

+ 3 ln(l + —"——)
i=1

|P‘j(H1)|
= O(nHI(er)) = o(n,,l(r))

as|p|=r—-ocoandp € ANAg, B> a>a.
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The last estimate shows that we can apply Theorem 2 and deduce nyp(a,r)~
ny(r). But (5.5) and (5.6) imply that |n,(a, r) — n; (a, r)|< C, hence ny(a,r)y~
ny(a, r)and Theorem 3 follows.

Now prove (5.16). We have from (5.5), (5.6) and (5.9):

(5.19)

I—pK(p)=L(p)(1~pH,)"
= (I =T, = A4(w))(I = TP — A,(p) — pH,)(I — pH,)"
= (1= T, — A(W)(I = TP(I = pPH)" — ay(n)(1 — uH,)"").

In (5.4) replace Q by P and recall (5.13). Then (5.16) follows from (5.19).
We proved Theorem 3 under hypothesis n,(r) € A,, p < 1. If p > 1, then take
integer / > p and consider instead of L,(p) the operator-valued function

1
(5-20) L(p)=1—p(I—T — A(p)H)
/
= [ (U= wp(I =T, — A4(p)H),
k=1

where w, = 1, k = 1,...,/ It follows from (5.20) that [n (a,r) = n,(a r)|<Cif
a < a; = max(ay, /). The functions det L,(p) and det(I — p'H{) are well defined
and holomorphicin A, . As before, we have to show

(5.21) = In|det L,(p)/det(1 — wWH{)|= o(ny(r)),

as p— oo in A,\A, for any a > «;, and then to apply Theorem 2. But it is clear
that we may obtain (5.21) in the same way as (5.18). This completes the proof of
Theorem 3.

COROLLARY. Let H be a compact normal operator, whose characteristic numbers
w(H) lie on some rays v,,...,Y,, in the complex plane and ny(y,r) € BN C,
Jj=1...,m.

Let L(p) be defined by (5.1) and A(p) be a holomorphic function in the neighborhood
of o, such that A(o0) = 0. Then the eigenvalues of L(n) are concentrated asymptoti-
cally along the rays v,,...,v,, and

ny(y,r)~n(y.r), Jj=1..m
(we define n(v;, r) by (5.2), where A, is replaced by some small sector A containing
Y))-
Note 1. Theorem 3 will be valid if we assume in (5.1) (see (5.6))

[A()H | = o(lul), p-oo,p€A,,

instead of || A(p)|| = o(1).

Note 2. 1f H > 0, ||A(p)H™'|| = O(1) as p — oo and n(r) satisfies some tauberian
conditions (those tauberian conditions involve n,(r) € B N C) then the assertion of
Theorem 3 was announced in [1].
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